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I. PRELIMINARIES 
Let us denote by 
y = 94x, a, ,**., %?) U-1) 
a unique solution of the differential equation 
y”-P(x)y=O (y” = lf*ypxy, (1.4 
which satisfies an initial condition 
Y(O) = % Y’(O) = BY (1.3) 
where 
P(x) = xm + ulxm-l + ... + alrr ) (l-4) 
the quantities a, ,..., a, are complex parameters, and (Y and j3 are fixed com- 
plex numbers independent of (ur ,..., a,). For the sake of simplicity, let 
a = (a, )..., a,). (1.5) 
The function g~(x, u) is entire in (x, a, ,..., a,). We assume that 
I~I+IPlzo. (1.6) 
Then we have 
I 94% 4 + I 9% 4 f 0, for every (x, a), 
where ’ denotes the differentiation with respect to x. 
(l-7) 
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Suppose that 
v(xo ) alo ,..., a,O) = 0. U-8) 
Then (1.7) implies that 
9)‘(xo , alo ,..., a,O) # 0. (1.9) 
Hence, there exists a neighborhood V of (alo,..., u,O) and a function 
+I ,***, a,) such that 
(9 4~~ ,..., a,) is holomorphic in V, 
(ii) ~(a,~,..., u,O) = x0; 
(iii) ~(z(u, ,..., a,), a, ,..., a,,) = 0 identically in I/. 
This is a consequence of the implicit function theorem. We shall denote also 
by 4a,,..., a,) the analytic continuation of z(ai ,..., a,) in the (ai ,..., a,)-space, 
and we cull ~(a,,..., a,) a zero of the solution cp(x, u). The solution cp(x, u) may 
have more than one zero. In general z(ai ,..., a,) may be multivalued in the 
(a, ,..., a,)-space. In this paper, we shall characterize singularities of 
x(q ,*-*, a,,) by certain asymptotic behaviors of ~(x, a) as x tends to infinity. 
2. MAIN THEOREM 
Let us denote by Yk a sector in the x-plane which is defined by 
Yk: arg x - - 
2krr < w 
___ 
m+2 m+2’ 
where k is an integer. The closure of Yk is denoted by gk , i.e., 
&: 2kn arg x - m + 2 <-JL mS2 
(2.1) 
(2.2) 
The sectors pk , where 
k = O, f ‘, i 2y.“y i lrn + 1)/2 
I 
(m: odd), 
0, f 1, i Z..., + 3m, Bm + 1 (m: even), (2.3) 
cover the x-plane completely. A solution y(x) of the equation (1.2) is said to 
be subdominant in 9, if y(x) tends to zero as x tends to infinity in any 
direction: arg x = 0 such that 
We shall prove the following theorem. 
DISTRIBUTION OF ZEROS 103 
THEOREM. If a zeyo z(al ,..., a,) of the solution q(x, a) has a singularity 
at a point (cl , . .., c,) in the (al , . . . , a,)-space, then cp(x, cl , . . . , c,) is subdominant 
in Yk for some k. Conversely, if there exists k such that q~(x, cl ,..., c,) is sub- 
dominant in 9,) then (cl ,..., c,) is a singular point of a zero .z(al ,..., a,) of the 
soZution ~(x, a). 
Remark 1. Let c = (cr ,..., c,) be a singular point of a zero z(ar ,..., a,). 
Then 
lii z(a) = co. (2.4) 
Otherwise, there would be a sequence 
.(n) = (a?‘,..., a?’ ) (n = 1, 2,...), 
such that 
lim atn) = c, 
n+m 
c+t z(a’“‘) = x0 # co. 
Then we have 
dx, ? 4 = 0, v’(xo , 4 f 0. 
Hence, z(a) cannot have any singularity at a = c. 
Remark 2. Our theorem is analogous to the following well known result: 
Consider 
d2y/dt2 - (q(t) - A) y  = 0, (2.5) 
where t is a real variable, A is a parameter, and q(t) is a real-valued function 
satisfying 
lim q(t) = + ~0. 
t++m 
Let y(t, A) denote the solution of Eq. (2.5) which satisfies the initial condition 
Y(O) = 0, y’(0) = 1. 
Let N(X) be the number of zeros of 9) in the interval: 0 < t < + CO. Then 
N(X) has infinitely many points of discontinuity 
and we have 
for every j. (See Coddington and Levinson [ 1; p. 2541.) 
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Remark 3. It is known that there is a solution 
y  = h(X, al ,..., a,,) 
of Eq. (1.2) such that 
(i) 7,(x, a) is entire in (x, a, ,..., a,); 
(ii) 7,(x, a) admits an asymptotic representation: 
(2.6) 
7&x, a) = xTm{ 1 + O(j X I-““)} 
(2.7) 
x exp 
I 
uniformly on each compact set in the (a, ,..., a,)-space as x tends to infinity 
in a closed sector 
I arg x I < & - S, 
where 6 is an arbitrary positive number, and rm and A,,, are polynomials in 
(a, ,.‘., a,). If we put 
(1 + arx-l + a2r2 + **f + u&l-“}I’2 = 1 + f Q-h, 
h=l 
we have 
rm = I 
- am (m: odd), 
- km - bim+l (m: even), 
and 
m+1 
1 A, NX("+2-N)/2 = - c 2 bl~.$m+2-2h)/2~ 
N=l l<h<(m/2)+lm + 2 - 2h 
Let us put 
7),&c, a) = 7)&A-%, w-%zl , W-2%z2 )..., WP%,), 
where 
w =exp I 2 \ i-------r ml-2 \’ 
(2.9) 
(2.10) 
(2.11) 
(2.12) 
(2.13) 
and k is an integer. Then y = v~,~(x, a) is also a solution of (1.2) such that 
(i’) ~,,~(x, a) is entire in (x, a, ,..., a,); 
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(ii’) ~,,~(x, u) admits an asymptotic representation 
T,,~(x, u) = co-krm.kx’m*k (1 + O(l x I-““)} exp{(- I)“+‘.@)) (2.14) 
uniformly on each compact set in the (ui ,..., a,)-space as x tends to infinity 
in a closed sector 
where 
r - 
i 
-T (m: odd), 
m,k - 
- ;: + (- I)“+1 bp,+l (m: even), 
(2.16) 
and 
E(x) = g+T x(“+2)12 - y ~,,NXh+2-w2. 
N=l 
Notice that the open sector, 
2kv 
arg x - m + 2 (2.18) 
is identical with the sector ykP1 U gk U $+r . It is easy to see that qmsk(x, a) 
is subdominant in yk , and that the solution ~(x, a) is subdominant in Yk if 
and only if ~(x, u) and ~,,~(x, u) are linearly dependent. In other words, the 
solution 9,(x, a) is subdominant in Yk if and only if 
a%tb,k(o, d - /%n,k(“, u) = O. (2.19) 
Let us denote by F,(a) the left hand member of (2.19). We shall show Zuter 
that F,(a) is not identically equal to zero. Now our theorem implies that 
singularities of zeros of the solution ~(x, u) with respect to (al ,..., a,) are 
contained in the union of a finite number of analytic sets in the (ui ,,.., a,)- 
space which are defined respectively by 
Fk(“, ,*‘*, %) = 0, (2.20) 
where k are given by (2.3). S ince F,(u) are not identically equal to zero, the 
real dimensions of the analytic sets (2.20) are at most 2m - 2. Therefore, 
even if we remove those analytic sets from the (a, ,..., a,)-space, we still 
have an arcwise connected set. 
For the information of r]Jx, u) and T&x, a), see Hsieh and Sibuya [2]. 
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3. PROOF OF THEOREM. PART I 
In this section, we shall assume that (ci ,..., c,) is a singular point of a zero 
4% ,.-*, a,) of the solution ~(x, a). We want to show that there exists K such 
that IJJ(X, a) is subdominant in & . As we remarked in Section 2, we have 
lii z(u) = co. 
Hence, there exists an integer h and a sequence 
(p) = (UP’,..., up’ ) (n = 1, 2,...), 
such that 
lim a(“) = c, 
?I+= 
Z(&q E 9jj (n = 1, 2,...). (3.1) 
From (3.1) we derive 
& Z(tq = co. (3.2) 
We shall prove that cp(x, c) is subdominant in one of the three sectors Yh-, , 
Y;, , 2nd -%L . In other words, we shall prove that c satisfies one of the 
three equations 
Fh-l(C) = 0, Fib(c) = 0, and F*+&) = 0. 
Let us derive a contradiction from the assumption that 
F*-l(C) f 0, F*(c) f 0, F,+,(c) f 0. 
Let us put 
Then it is easy to verify that 
w,+,(4 = ~-~w,(Gu), 
where 
Therefore, we have 
On the other hand, 
Gu = (da, ,..., w-TZ,). 
W,(a) = w-“W,(G*a). 
W,(u) = 2w-‘-.1 
(3.3) 
(3.4) 
(3.5) 
(3.6) 
(3.7) 
(3.8) 
(3.9) 
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Hence, W,(a) are entire functions in (a, ,..., a,) and 
w?cw f 0, 
for every (a, ,..., a,). 
Let us put 
and 
Then 
r&4 = ~h,lW ~h(4, rz(4 = - F&9/ w&4, 
CL&) = - F&4/ Wh-lW, k!w = ~hWl~h-l(~). 
The assumption (3.4) implies that 
744 f 07 Y&) f 0, k(C) f 0, CLZW f 0. 
Hence, there exists a neighborhood V of c such that 
r&4 f 07 44 i 0, Pl(4 # 0, 44 f 03 
for every a E V. 
Denote by gasM a sector in the x-plane which is defined by 
2hrr 
a% x - m + 2 <L- m-l-2 
6, I x I 2 MY 
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(3.10) 
(3.11) 
(3.12) 
(3.13) 
(3.14) 
(3.15) 
(3.16) 
where 6 is a small positive number and M is a large positive number. The 
sector g8,M is contained in Yh . Therefore, by utilizing the asymptotic 
representations (2.14) of v,,Jx, a), we obtain 
fp(x, a) = yz(u) clJ--(h+l)r ~**+l~Tm~h+l{l + O(j x I-““)} exp{(- l)h+2 E(x)} (3.17) 
uniformly for a E V as x tends to infinity in C8s,M. This means that, if M 
is sufficiently large, we have 
+w $ %.A4 3 for large n. (3.18) 
Since we have (3.1) and (3.2), the points ~(0)) are contained either in the 
sector 
2h + 1 
arg x - mf2 7r 
< 6 I x I 3 M, (3.19) 
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or in the sector 
arg x - 
2h-1 <* 
z-gn ’ ’ I x I 3 M, 
(3.20) 
FIGURE 1 
for large n. We shall prove that if M is sufficiently large, the sector (3.19) 
cannot contain any point z(u(n)). Similarly, we can also prove that the sector 
(3.20) contain any point ~(a(“)) if M is sufficiently large. This is a contra- 
diction. 
Let us find zeros of the solution T(X, a) in the sector (3.19). To do this, 
we shall use the asymptotic representations (2.14) of qnzJz, a) and v,,*+r(x, Q) 
together with (3.11). From (3.11) we derive an equation 
%Lh+&~ 4 n(a) 
%n,h(X, 4 = -ix 
There exist two positive numbers R,, and R, such that 
(3.21) 
(3.22) 
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for a E V, since we have (3.15) for a E V. On the other hand, the asymptotic 
representations of ~,,,~(x, a) imply that 
7~*“~~f~~’ = w-~X’{ I + O(l x I-1/z)} exp((- l)h+2 2&x)}, 
m, 9 
(3.23) 
uniformly for a E V as x tends to infinity in the sector (3.19), where 
Put 
r = m,h+l - ym,h 7 
F = hr + rm,h+l. 
(3.24) 
g(x, a) = - log ( 7;;;;tu;) ) 
and 
#(a) = --log (- y$$. 
(3.25) 
(3.26) 
Then Eq. (3.21) is equivalent to 
.&, 4 = a7A7 + vq4, (3.27) 
where N is an arbitrary integer. 
Put 
g(x, u) = (- l)hfl & x(m+a)/2{1 + H(X, a)}. (3.28) 
Then from (3.23) we derive 
lim H(x, a) = 0, (3.29) 
uniformly for a E V as x tends to infinity in the sector (3.19). Now it is easy 
to prove that the image of the sector (3.19) under the mapping 
u = g(x, 4 (for every fixed a in V) (3.30) 
contains a sector 
I arg 24 + ib- I < 8, /uI >a, (3.31) 
in the u-plane, where 8 is a sufficiently small positive number and i@ is a 
sufficiently large positive number, and 8 and iki are independent of a in V. 
Denote by U(N) the set in the u-plane which consists of points 
- i2rrN + /J(U) (a E V), (3.32) 
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where N is a positive integer. Then if V is sufficiently small, U(N) and U(N’) 
are mutually disjoint if N # N’. On the other hand, if N is sufficiently large, 
U(N) is contained in the sector (3.31). Furthermore, if ~(a(~)) is in the sector 
(3.19), there exists N such that 
g(z(a’“‘), dn’) E U(N). (3.33) 
Assume that there are infinitely many z(&)) in the sector (3.19). Then (3.2) 
implies that there exist at least two ~(a(“)) and z(&‘)) and two positive 
integers N and N’ such that 
(i) N # N’; 
(ii) g(,z(u(n)), a(“) ) E U(N), g(+F)), a’““) E U(N’). 
Let us join a(“) to a(“‘) by a continuous arc 
r = {a 1 a = u(t), 0 < t < 1, u(0) = a’“‘, u(1) = u’n”) 
in V. Consider z(u(t)). As long as .z(u(t)) is in the sector (3.19), g(z(u(t)), u(t)) 
must be in U(N(t)), where N(t) is a positive integer depending on t. Let r, 
(a,..... a,)-space 
v  
0 
f  
act, ) 
5 
act,) 
FIGURE 2 
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be the subarc of I’ connecting a(tJ and a(tJ (0 < t, < t, < 1) such that 
(iii) z(a(t)) is in (3.19) for every t in 2, < t < t,; 
(iv> Wd f W2). 
Let r, be the image of F, under u = g(z(u(t)), u(t)) connecting 
&(4tl)), 4td) in U(N(tA) and g(44t2)), 4tJ) in U(Nt2)). Since all U(N) 
are disjoint, r, must go outside of U(N). This contradicts the fact that 
g(z(u(t)), u(t)) E U(N(t)) for t, < t < t, . Hence, the sector (3.19) cannot 
contain any ~(a(“)) if M is sufficiently large. 
4. PROOF OF THEOREM. PART II 
In this ection, we shall assume that ~(x, c) is subdominant in Sp, . We want 
to show that c is a singular point of zero z(u) of the solution 9,(x, u). We shall 
first show thatF,(u, ,..., a,) is not identically equal to zero. We shall consider 
the case k = 0. The general case can be treated in the same manner. The 
function F,,(u) is defined by (2.19) with k = 0. Hence, 
F&4 = %n’(O, 4 - hn(O, 4. 
Sibuya [3] showed that the function T~(x, u) satisfies the identity 
(4.1) 
where 
1 (m: odd), 
K&, 4 = 
exp - - 
I 
2 m+1 (4.3) 
m+2 
&n+2)/2 + 1 A,,NXh+2-N)/2~ 
I 
(m: even), 
N=l 
and 
(ix + sp + a& + s)+l + *** + %-1(x + 4 + a, 
= sm + up-1 +.**+U,-lS+U,. 
(4.4) 
Hence, if F,,(u) is identically equal to zero, we have 
for all (x, a). This means 
rlm(x, 4 = r1,(0,4 exp(W) 4. (4.6) 
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However, qm(x, a) admits an asymptotic representation (2.7). Hence, (4.6) 
is impossible. 
In Section 2, we proved that singularities of zeros of the solution q~(x, u) 
are contained in the union of analytic sets which are defined respectively by 
F!&l ,*-*1 %I) = 0, (4.7) 
where k are given by (2.3). Th e real dimensions of these analytic sets are at 
most 2m - 2. Hence, if we remove them from the (a, ,..., u&pace, we still 
have an arcwise connected set. Our assumption implies that 
Fh(C) = 0. (4.8) 
We can find a continuous curve, 
a = u(t) (0 < t e 11, (4.9) 
in the (ui ,..., a,)-space such that 
(i) u(l) = c; 
(ii) F,(u(t)) # 0 for 0 < t < 1, for all k given in (2.3). 
This means that u(t) (0 < t < 1) are not singular points of zeros of the 
solution q~(x, a). 
Since 7m.h and %,h+l are linearly independent, we have 
F?h+1(4 z 0. (4.10) 
In a similar reason, we have 
Fh-l(C) # 0. (4.11) 
By virtue of (3.11) and (3.12), th ere are the following two representations of 
dx7 4)): 
dx, 4)) = YlW) rJm,h(X, 4)) + Y&(4) %%hfl(X, 4t>) (4.12) 
and 
dx? dt)) = &(t>) %?~h(~, dt>) + k2(“(t)) %,h--l(x, dt)). 
Since y1 , yZ , pi , and pa are given by (3.13), we have 
(4.13) 
DISTRIBUTION OF ZEROS 113 
Consider a sector 
2(h - 1) 
m+2 
in the x plane, where M is a positive number. Then by virtue of (4.14) and 
the fact that ~,,~(x, a) is dominant in Yfi-, and F&+r , we have that if M is a 
sufficiently large positive number and p is a sufficiently small positive number, 
the function ~(x, a(t)) d oes not vanish on the boundary of the sector (4.15) for 
I--p<t<1. (4.16) 
Furthermore, if M is sufficiently large, from the asymptotic representation of 
~,,~(x, a), the function, 
P,(% 4 = 1$94x, 4>), (4.17) 
does not vanish on the sector (4.15). However, since 
r1W) f 0, r&W f 0, PIW) z 0, PMN z 0, (4.18) 
for 0 < t < 1, there are infinitely many zeros ~(x, u(t)) in the neighborhood 
of the two directions 
2h-1 md 2h + 1 
arg x = m-t2 = arg x = m+2 =, 
(4.19) 
for 1 - p < t < 1. This means that ~(x, u(t)) (1 - p < t < 1) has infinitely 
many zeros in the sector (4.15). These zeros must leave the sector (4.15) as t 
tends to one. Since these zeros cannot go across the boundary of the sector 
(4.15), they must tend to infinity in the sector (4.15). Therefore, c is a singular 
point of those zeros of the solution ~(x, u). This completes the proof of our 
theorem. 
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